In this work, we consider that in energy scales greater than the Planck energy, the geometry, fundamental physical constants, as charge, mass, speed of light and Newtonian constant of gravitation, and matter fields will depend on the scale. This type of theory is known as Rainbow Gravity. We coupled the nonlinear electrodynamics to the Rainbow Gravity, defining a new mass function M (r, ), such that we may formulate new classes of spherically symmetric regular black hole solutions, where the curvature invariants are well-behaved in all spacetime. The main differences between the General Relativity and our results in the the Rainbow gravity are: a) The intensity of the electric field is inversely proportional to the energy scale. The higher the energy scale, the lower the electric field intensity; b) the region where the strong energy condition (SEC) is violated decrease as the energy scale increase. The higher the energy scale, closer to the radial coordinate origin SEC is violated.
in the limit lim →0 f ( ) = lim →0 g( ) = 1, known as infrared limit. The linear Lorentz transformations break the invariance of the theory, however, nonlinear Lorentz transformations are those that hold the theory invariant [13] , in addition, not only the speed of light is a constant, but also Planck's energy, and it is impossible for a particle to reach energies greater than this limit. Magueijo and Smolin [14] proposed a generalization from the doubly special relativity to what they call Rainbow Gravity, where the spacetime is represented by a family of parameters in the metric that is parameterized by , causing the spacetime geometry to depend on the energy of the particle that is being used for test it, thus creating a rainbow of metric. Since then some researchers have considered the Magueijo and Smolin theory in the study of black holes [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] and in generalized theories of gravity [30] - [31] . In the context of nonlinear electrodynamics (NED), we can highlight the M. Momennia et al. work [32] , which shows that there is an essential singularity covered by an event horizon and verified the validity of the first law of thermodynamics in the presence of rainbow functions. In [33] , the authors obtained exact black hole solutions in the Born-Infeld-dilaton gravity with a energy dependent Liouville-type potential, as well as the thermodynamic quantities. In [34] , it has been shown that the inclusion of Gauss-Bonnet gravity in the context of Rainbow Gravity can significantly alter the constraints needed to obtain non-singular universes. One application of Rainbow Gravity is the black hole thermodynamics. Due to the energy scale dependence on the spacetime metric, entropy and temperature also have the same dependence [35] . Thus, the thermodynamics of these new solutions are altered showing the influence of the energy scale on the thermal system. In the NED context, Dehghani showed the thermal fluctuations of AdS black holes in three-dimensional rainbow gravity [36] .
A large class of regular black hole solutions found in the literature follows the idea that singularity is replaced by a regular distribution of matter [37] . In usual General Relativity, NED produces black holes where singularity is eliminated by a regular field distribution that covers the central core of the black hole. We must consider an important feature of the regular solutions that is linked to so-called energy conditions, all regular black hole solution with spherical symmetry violate, in some region, the strong energy condition (SEC) [38] , but not necessarily the dominant (DEC) and weak (WEC) energy conditions, as we have in the Bardeen solution [39] .
Our focus in this work is to get black hole solutions that are regular in origin and investigate how this can be changed by the power scale parameter. In addition, we are interested in how these new solutions behave in the energy conditions.
II. REGULAR BLACK HOLES
In order to study the Rainbow gravity, General Relativity must be reformulated considering a dependency on the energy scale and now should be describe by a set of parameters in the connection, Γ µ αβ ( ), Riemann tensor, R( ) σ µνλ , which are construct using a rainbow metrics, and in the stress-energy tensor T ( ) µν . So that, the modified Einstein equations to the Rainbow gravity are given by
where κ( ) 2 = 8πG( )/c 4 ( ) is a coupled constant and G( ) = h 2 ( )G N , with G N being the Newtonian gravitational constant, where h( ) = 1/[1 + (G N /137) 2 ] and c( ) = g( )/f ( ) [14, 40] . The general line element, that describes spherically symmetric configurations and depends on , is written as
where e a(r) and e b(r) are general functions of the radial coordinate and the dispersion relations proposed in [41] , f ( ) and g( ), are f ( ) = g( ) = 1/(1 + λ ), where λ is a constant parameter (in this case c( ) is a constant). The curvature scalar is given by
The coupled with NED is made through the stress-energy tensor T ( ) ν µ , that is
We define the the 4-potential as being a 1-form A = A µ dx µ . The Maxwell tensor is a 2-Form defined asF = (1/2)F µν dx µ ∧ dx ν , where the components are F µν = ∇ µ A ν − ∇ ν A µ . Them, the electromagnetic scalar becomes F = (1/4)F µν F µν . If we consider that the source is only electrically charged and has spherical symmetry, the only non-zero and independent component os the Maxwell tensor is F 10 (r) [42] . The modified Maxwell equations are
whose the solution, to the line element (2), is given by [48]
where q( ) is a function associated to the electric charge [43] as q( ) = Q k( ), with Q being the electric charge and [44] . Using (2), (6) and (4), with L F = ∂L/∂F , the components of the field equations are
Through the condition T 0 0 = T 1 1 , we may choose a(r) = −b(r). Identifying T 0 0 = ρ, T 1 1 = −p r and T 2 2 = T 3 3 = −p t where ρ is the energy density and p r and p t are, respectively, the radial and tangential pressures. To the line element (2), we get
The energy conditions will be given by [45] :
where DEC 1 ≡ W EC 3 and N EC 1,2 ≡ W EC 1,2 . Using the line element (2), we may choose different models of mass functions to construct regular black holes solutions. To do that, we introduce the mass function through the coefficient of the metric g 00 as
If the solution is regular in r = 0, M (r, ) must satisfy the condition lim r→0 [M (r, )/r] → 0. From the equations (7)-(9), L and L F , in terms of M (r, ), are
.
The Lagrangian density L and its derivate L F must satisfy the relation
In order to do that, we need the electric field, that is
Using the relation F = −e a+b [F 10 (r, )] 2 (2f 2 ( )g 2 ( )) −1 , it's possible to show that (20) is satisfied.
We will consider some model to the mass function in order to obtain regular solutions that depend on the .
A. Culetu-type solution
The solution proposed by Culetu in [46] is described by the line element
where p 0 is a parameter associated with the charge q and mass m, such that p 0 = q 2 /2m generates regular solution in GR, which is asymptotically Reissner-Nordstrm. Let's extend the Culetu solution to the Rainbow Gravity using the line element (2) with (17) and
with m being the black hole mass. This model was consider and analyzed in [47] to the case g( ) = k( ) = 1.
Using (23) and (17) in (2), we may get the curvature scalar (3) to this model, that is
We also calculate the Kretschmann scalar K = R αβµν R αβµν , which results in
The scalars (24) and (25) are regular in all spacetime to m > 0, f ( ) > 0, g( ) > 0, h( ) > 0 and k( ) > 0, once in the limits r → 0 and r → ∞, both R(r, ) and K(r, ) do not present divergences. In Fig. 1 , the behavior of the scalars are exhibit and we compare to different values of . The scalar R(r, ) and K(r, ), that depend on the energy , are regular in all spacetime and zero in the infinity, which characterize a regular and asymptotically flat solution.
Substituting (23) in (21), the electric field becomes The electric field behavior is exhibit in Fig. 2 to different values of and we also compare to the GR result. The intensity of the electric field is always regular and presents a minimum and a maximum. The intensity of (26) decreases as increases. Since we have F 10 , we may evaluate F (r, ) and the Lagrangian density L(r, ). Using (26) , F is given by
and from (18) and (23), the Lagrangian density to the nonlinear electrodynamics is
The behavior of (27) (right) and (28) (left), in terms os the radial coordinate, as well L(F ) (bottom) is analyzed in Fig. 3 and compared to the GR result. It's clear the nonlinearity of the electromagnetic theory and the regularity of these functions.
Using the function M (r, ) to the model that we are considering in (13)-(16) with (11), (11) and (12), we get
The energy conditions are represented in Fig. 4 . All conditions are satisfied to r ≥ Q 2 g( )k( )/4m inside the event horizon SEC and WEC are violated. The region where these functions are violated is attenuated as increases. The region where WEC is violated is smaller them to the SEC, since we need r ≥ Q 2 g( )k( )/8m to satisfy the fist one. 
B. Balart-Vagenas-type solution
Let's consider the mass function proposed in [47] in GR, where we make M (r) → M (r, ).
To k( ) = g( ) = 1, we recover the GR case. As we did with the solution before,
and the curvature invariants R(r, ) and K(r, ) are
that are always regular. In the black hole center we find
which guarantees the regularity. We can also see the regularity in Fig. 5 since we have no divergence in all spacetime.
In the infinity of the radial coordinate the invariants tend to zero, so that, the solution is asymptotically flat. In 6 we see ha behaves the intensity of the electric field and it's clear the regularity and that the intensity decreases as increases.
We may also show the behavior of F (r, ) and L(r, ) in terms od the radial coordinate and compare to the GR case, as well the nonlinearity on the electromagnetic theory through L(F ), Fig 7. The electromagnetic scalar and Lagrangian density are always regular, and the nonlinearity of L(F ) is evident, as it's expect to this type of solution. The energy conditions are found through (35) and (13)- (16) , so that, we have
The behavior of (41)- (46) , as a functions of r, is exhibit in Fig. 8 . As in GR, to the model (35) [47] , the conditions NEC, WEC and DEC are always satisfied. However, SEC is violated to r < Q 2 g( )k( )/6m, inside the event horizon, but as we increase the , the region where this condition is violated is attenuated. This result show explicit that the energy scale may modify the energy conditions.
III. CONCLUSION
We study the extent of the doubly special relativity made by J. Magueijo regime to from the quantum one, with 0 < < 1, through the Rainbow functions f ( ) and g( ). In this theory, when → 0, the velocity of a massless particle, as a photon, goes to c, and the classical regime is recovered. In Rainbow Gravity, the geometry depend on the energy of the particle that is used to test it. In this sense, particles with different energy see different geometries with the same inertial frame, by have the same equivalence principle [11] .
We present some model of regular black hole solutions in the Rainbow Gravity. To that, we consider the coupled with NED and extend the mass functions from Culetu and Balart-Vagenas to M (r, ) through the Rainbow functions. In the Culetu-type solution, we showed that R(r, ) and Kretschmann K(r, ) are regular and asymptotically flat to 0 < < 1. The electromagnetic Lagrangian density is nonlinear in the scalar F and is regular in all spacetime, as well as the electric field. About the energy conditions, SEC and WEC are violated near to black hole center and to high values of energy = E/E p , smaller is the region where this happens. DEC is always satisfied. The Balart-Vagenastype solution, as the example before, is curvature regular and the electromagnetic theory is nonlinear. To this model, only the strong energy condition is violated and the region where it is violated decreases as the energy increases. To both models attenuate the intensity of the electric field.
A possible continuation of this work would be the study of black hole thermodynamics associated to regular solutions in Rainbow Gravity, similar to what is found in the literature [35] . 
